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The Symmetric Group S,

e The symmetric group S, := {bijections on {1,...,n}} is generated
by the adjacent transpositions s;j = (i,i+ 1), 1 <i < n—1, with
quadratic relations 5,-2 =1,1<j<n-—1, and braid relations

SiSi+1Si = Siy1SiSiv1, 1 <i<n-—2,
SiSj = 5;Sj, |f —j’ > 1.
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e The symmetric group S, := {bijections on {1,...,n}} is generated
by the adjacent transpositions s;j = (i,i+ 1), 1 <i < n—1, with
quadratic relations 5,-2 =1,1<j<n-—1, and braid relations

SiSi+1Si = Siy1SiSiv1, 1 <i<n-—2,
SiSj = 5;Sj, |f —j’ > 1.

@ More generally, a Coxeter group has a similar presentation.
@ The length of any w € Sy, is £(w) := min{k : w = s; - - - 55, }, which
coincides with inv(w) := {(i,j) : 1 <i<j < nw(i)>w()}
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The Symmetric Group S,

e The symmetric group S, := {bijections on {1,...,n}} is generated
by the adjacent transpositions s;j = (i,i+ 1), 1 <i < n—1, with
quadratic relations 5,-2 =1,1<j<n-—1, and braid relations

SiSi+1Si = Siy1SiSiv1, 1 <i<n-—2,
SiSj = 5;Sj, |f —j’ > 1.

@ More generally, a Coxeter group has a similar presentation.

@ The length of any w € Sy, is £(w) := min{k : w = s; - - - 55, }, which
coincides with inv(w) := {(i,j) : 1 <i<j < nw(i)>w()}

o For example, w = 3241 € 54 has ¢(w) = inv(w) = 4 and reduced
rEpPressions W = $»515253 — 51525153 = S51525351.
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The Hecke Algebra H,(q)

@ The (lwahori-)Hecke algebra H,(q) is a deformation of the group
algebra FS,, of S, over an arbitrary field F.
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@ The (lwahori-)Hecke algebra H,(q) is a deformation of the group
algebra FS,, of S, over an arbitrary field F.

e It is an F(q)-algebra generated by T1,..., T,—1 with relations
(T +1)(T; —q) =0, 1<i<n-1,
TiTisaTi=TiaTiTip1, 1<i<n-2,

TiT =TT, i—jl>1
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The Hecke Algebra H,(q)

@ The (lwahori-)Hecke algebra H,(q) is a deformation of the group
algebra FS,, of S, over an arbitrary field F.

e It is an F(q)-algebra generated by T1,..., T,—1 with relations

TiTigaTi=Tip1TiTiyr, 1<i<n-2,
T, T, =T;T, li—j|>1.

o It has an F(q)-basis {T,, : w € Sp}, where T, := T, --- Ty, if
W = 51 --- S, with kK minimum.
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The Hecke Algebra H,(q)

@ The (lwahori-)Hecke algebra H,(q) is a deformation of the group
algebra FS,, of S, over an arbitrary field F.

e It is an F(q)-algebra generated by T1,..., T,—1 with relations
(T +1)(T; —q) =0, 1<i<n-1,
TiTisaTi=TiaTiTip1, 1<i<n-2,

TiT =TT, i—jl>1

o It has an F(q)-basis {T,, : w € Sp}, where T, := T, --- Ty, if
W = 51 --- S, with kK minimum.

@ It has significance in algebraic combinatorics, knot theory, quantum
groups, representation theory of p-adic groups, etc.
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The 0-Hecke algebra H,(0)

e Set q=1: H,(q) = FS,, Ti = s;, Ty — w.
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e Set q=1: H,(q) = FS,, Ti = s;, Ty — w.
o Tits showed that H,(q) = CS, unless g € {0, roots of unity}.
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The 0-Hecke algebra H,(0)

e Set q=1: H,(q) = FS,, Ti = s;, Ty — w.
o Tits showed that H,(q) = CS, unless g € {0, roots of unity}.
e Set g =0: Hy(q) — Hn(0), T; =7, Tw — Tw,
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T 1T = W1 T4, 1<i<n-—2,

TiTj =TT}, |f —_j| > 1.

Jia Huang (UNK) 0-Hecke algebra actions June 8, 2018

4/ 24



The 0-Hecke algebra H,(0)

e Set q=1: H,(q) = FS,, Ti = s;, Ty — w.
o Tits showed that H,(q) = CS, unless g € {0, roots of unity}.
e Set g =0: Hy(q) — Hn(0), T; =7, Tw — Tw,

2 =7, 1<i<n-—1,
T 1T = W1 T4, 1<i<n-—2,

TiTj =TT}, |f—_j|>1.
@ H,(0) has another generating set {m; := 7; + 1}, with relations

7?2 = m;, 1<i<n-1,
MM 1T = Wip1TiTip1, 1< i1<n—2,

TiTj = T, |i—j|>1.
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The 0-Hecke algebra H,(0)

e Set q=1: H,(q) = FS,, Ti = s;, Ty — w.
o Tits showed that H,(q) = CS, unless g € {0, roots of unity}.
e Set g =0: Hy(q) — Hn(0), T; =7, Tw — Tw,

ﬁ%:—fﬁ 1§I§n_17

T 1T = W1 T4, 1<i<n-—2,

TiTj =TT}, |f—_j|>1.
@ H,(0) has another generating set {m; := 7; + 1}, with relations

7?2 = m;, 1<i<n-1,
MM 1T = Wip1TiTip1, 1< i1<n—2,

TiTj = T, |i—j|>1.

Sending 7; to —7; gives an algebra automorphism.
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Significance of the 0-Hecke algebra

@ Using the automorphism 7; — —7; of Hp(0), Stembridge (2007) gave
a short derivation for the Mobius function of the Bruhat order of the
symmetric group S, (or more generally, any Coxeter group).
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symmetric group S, (or more generally, any Coxeter group).

@ Norton (1979) studied the representation theory of H,(0) over an
arbitrary field F.

@ Norton's result provides motivations to work of Denton, Hivert,
Schilling, and Thiéry (2011) on the representation theory of finite
J -trivial monoids.
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Significance of the 0-Hecke algebra

@ Using the automorphism 7; — —7; of Hp(0), Stembridge (2007) gave
a short derivation for the Mobius function of the Bruhat order of the
symmetric group S, (or more generally, any Coxeter group).

@ Norton (1979) studied the representation theory of H,(0) over an
arbitrary field F.

@ Norton's result provides motivations to work of Denton, Hivert,
Schilling, and Thiéry (2011) on the representation theory of finite
J -trivial monoids.

@ Krob and Thibon (1997) discovered connections between
H,(0)-representations and certain generalizations of symmetric
functions, which is similar to the classical Frobenius correspondence
between S,-representations and symmetric functions.

Jia Huang (UNK) 0-Hecke algebra actions June 8, 2018 5/ 24



Analogies between S, and H,(0)

e [F'S, is the group algebra of the symmetric group S, and H,(0) is the
monoid algebra of the monoid {7, : w € S,}.
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e [F'S, is the group algebra of the symmetric group S, and H,(0) is the

monoid algebra of the monoid {7, : w € S,}.

@ The defining representations of S, and H,(0) are analogous:
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Analogies between S, and H,(0)

e [F'S, is the group algebra of the symmetric group S, and H,(0) is the

monoid algebra of the monoid {7, : w € S,}.

@ The defining representations of S, and H,(0) are analogous:

S1

S Spn—1

T Uy Th—1

2 n

1

@ S, acts on Z": s; swaps a; and aj11 in a1 ---an.
+
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Analogies between S, and H,(0)

e [F'S, is the group algebra of the symmetric group S, and H,(0) is the
monoid algebra of the monoid {7, : w € S,}.

@ The defining representations of S, and H,(0) are analogous:

s1 S Sp—1

T Uy Th—1

1 2 n

@ S, acts on Z": s; swaps a; and aj11 in a1 ---an.
+

@ H,(0) acts on Z" by the bubble-sorting operators: m; swaps a; and
aj+1 in aj---ap if a; > ajyq, or fixes a; - - - a, otherwise.
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Analogies between S, and H,(0)

e [F'S, is the group algebra of the symmetric group S, and H,(0) is the
monoid algebra of the monoid {7, : w € S,}.

@ The defining representations of S, and H,(0) are analogous:

s1 S Sp—1

T Uy Th—1

1 2 n

@ S, acts on Z": s; swaps a; and aj11 in a1 ---an.
+

@ H,(0) acts on Z" by the bubble-sorting operators: m; swaps a; and
aj+1 in aj---ap if a; > ajyq, or fixes a; - - - a, otherwise.

@ Analogies between other representations of S, and H,(0)?
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Actions on polynomials

e S, acts on F[X] := F[x, ..., xs] by variable permutation.
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e H,(0) also acts on F[X] via the Demazure operators

i(F) = 0,0 F) = 5F = sib6f)

Xi — Xi+1
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Actions on polynomials

e S, acts on F[X] := F[x, ..., xs] by variable permutation.

e H,(0) also acts on F[X] via the Demazure operators

i(F) = 0,0 F) = 5F = sib6f)

Xi — Xi+1

o The divided difference operator O; is useful in Schubert calculus, a
branch of algebraic geometry.
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Actions on polynomials

Sp acts on F[X] := F[x,. .., xn] by variable permutation.

H,(0) also acts on F[X] via the Demazure operators

i(F) = 0,0 F) = 5F = sib6f)

Xi — Xi+1

The divided difference operator 0; is useful in Schubert calculus, a
branch of algebraic geometry.

T xoxaxg) = (x4 X2x5 + x1x3 ) x3x4 .
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Actions on polynomials

Sp acts on F[X] := F[x,. .., xn] by variable permutation.

Hn(0) also acts on F[X] via the Demazure operators

i(F) = 0,0 F) = 5F = sib6f)

Xi — Xi+1

The divided difference operator 0; is useful in Schubert calculus, a
branch of algebraic geometry.

T xoxaxg) = (x4 X2x5 + x1x3 ) x3x4 .

3 4 _ 3 4
o (X7 XoX3X) ) = XPx0X3Xj .
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Actions on polynomials

e S, acts on F[X] := F[x, ..., xs] by variable permutation.
e H,(0) also acts on F[X] via the Demazure operators
it —si(xif
ri(f) = 0y () = L = 5if)

Xi — Xi+1

@ The divided difference operator J; is useful in Schubert calculus, a
branch of algebraic geometry.

3 4y _ (3 2,2 3 4
o (X7 xox3xy) = (X7 X2 + X7 x5 + x1%3)x3Xy.
3 4y _ 3 4
0 To(X{Xox3Xy ) = X{ X0X3X] -

o m3(x3xax3x]) = xPxa(—x5x; — X5x7).
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The coinvariant algebra of S,

o The invariant ring F[X]>" := {f € F[X] : wf = f,Yw € S,} consists
of all symmetric functions in xq,...,x,. It is a polynomial ring
F[X]°" = Fley, ..., e,] in the elementary symmetric functions

e = Z Xip = X k:].,...,n.

1<ip<-<ixk<n

n=3: e =x1+x2+ X3, & = x1X2 + X1X3 + X2X3, €3 = X1 X2X3
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The coinvariant algebra of S,

o The invariant ring F[X]>" := {f € F[X] : wf = f,Yw € S,} consists
of all symmetric functions in xq,...,x,. It is a polynomial ring
F[X]°" = Fley, ..., e,] in the elementary symmetric functions

e = Z Xip = X k:].,...,n.

1<ip<-<ixk<n

n=3 e =x1+ x4+ X3, & = X1X2 + X1 X3 + XpX3, €3 = X1 X2X3
o If f € F[X]> and g € F[X], then s;(fg) = fsi(g).
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The coinvariant algebra of S,

o The invariant ring F[X]>" := {f € F[X] : wf = f,Yw € S,} consists
of all symmetric functions in xq,...,x,. It is a polynomial ring
F[X]°" = Fley, ..., e,] in the elementary symmetric functions

e = Z Xip = X k:].,...,n.

1<ip<-<ixk<n

n=3 e =x1+ x4+ X3, & = X1X2 + X1 X3 + XpX3, €3 = X1 X2X3
o If f € F[X]> and g € F[X], then s;(fg) = fsi(g).
e Thus F[X]/(e1,...,en) becomes a graded S,-module.
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The coinvariant algebra of S,

o The invariant ring F[X]>" := {f € F[X] : wf = f,Yw € S,} consists
of all symmetric functions in xq,...,x,. It is a polynomial ring
F[X]°" = Fley, ..., e,] in the elementary symmetric functions

ey = Z Xip = X k:1,...,n.
1<ip<--<ixg<n
n=3 e =x1+ x4+ X3, & = X1X2 + X1 X3 + XpX3, €3 = X1 X2X3
o If f € F[X]> and g € F[X], then s;(fg) = fsi(g).
e Thus F[X]/(e1,...,en) becomes a graded S,-module.

Theorem (Chevalley-Shephard-Tod 1955, indirect proof)

The coinvariant algebra F[X]/(e1,...,en) is isomorphic to the regular
representation FS,, of S,,, if IF is a field of characteristic 0.
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The coinvariant algebra of H,(0)

@ The H,(0)-invariants are also the symmetric functions: m;f = f if and
only if s;f = f for all i.
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The coinvariant algebra of H,(0)

@ The H,(0)-invariants are also the symmetric functions: m;f = f if and
only if s;f = f for all i.

o If f € F[X]> and g € F[X], then ;(fg) = fri(g).
e Thus F[X]/(e1,...,en) becomes a graded H,(0)-module.

Theorem (H. 2014)

The coinvariant algebra F[X]/(e1,...,en) is isomorphic to the regular
representation of Hp(0).
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The coinvariant algebra of H,(0)

@ The H,(0)-invariants are also the symmetric functions: m;f = f if and
only if s;f = f for all i.

o If f € F[X]> and g € F[X], then ;(fg) = fri(g).
e Thus F[X]/(e1,...,en) becomes a graded H,(0)-module.

Theorem (H. 2014)

The coinvariant algebra F[X]/(e1,...,en) is isomorphic to the regular
representation of Hp(0).

Our proof is constructive, using the descent basis of the coinvariant
algebra given by Garsia and Stanton (1984).

A,
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Hg(O) = F[X]_,XQ, X3]/(€1, €, 63)

2 ! (1]
[1]3 [2]3
va \J
Tp=—1 T1=—1,75=0
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Hg(O) = F[X]_,X2, X3]/(€1, €, 63)

(\/ /l T=—1 71=0,r=—1
1 _
2]

i X2 —_ X3

T
X1X3 —  X2X3

(1]
3

Tp=—1 T =—1,7=0

DFIZFZZ_l sz?? DF1:F2:71
3
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Representation theory of S,

@ Every S,-module is a direct sum of simple modules.
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Representation theory of S,

@ Every S,-module is a direct sum of simple modules.

@ A partition of n is a decreasing sequence A\ = (Aq, ...

integers whose sum is n; this is denoted by A - n.
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Representation theory of S,

@ Every S,-module is a direct sum of simple modules.

@ A partition of n is a decreasing sequence A = (\1,..., Ax) of positive
integers whose sum is n; this is denoted by A - n.

@ The simple S,-modules S* are indexed by partitions A F n.
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Representation theory of S,

Every S,-module is a direct sum of simple modules.

(]

A partition of n is a decreasing sequence X\ = (A1,..., \x) of positive
integers whose sum is n; this is denoted by A - n.

The simple S,-modules S are indexed by partitions A - n.

Example: the defining representation S, is isomorphic to " @ S"~1:1.

s1 ) Sp—1
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Representation theory of S,

Every S,-module is a direct sum of simple modules.

(]

A partition of n is a decreasing sequence X\ = (A1,..., \x) of positive
integers whose sum is n; this is denoted by A - n.

The simple S,-modules S are indexed by partitions A - n.

Example: the defining representation S, is isomorphic to " @ S"~1:1.

s1 ) Sp—1

2 n

1

The Schur function sy is the sum of x, for all semistandard tableaux
7 of shape A. Example: sp1 = xgm+xgz+-- = X12X2 +x1x22 4+,
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Representation theory of S,

@ Every S,-module is a direct sum of simple modules.

@ A partition of n is a decreasing sequence A = (\1,..., Ax) of positive
integers whose sum is n; this is denoted by A - n.

@ The simple S,-modules S* are indexed by partitions A F n.

Example: the defining representation S, is isomorphic to " @ S"~1:1.

s1 ) Sp—1

1 2 e n
@ The Schur function sy is the sum of x;, for all semistandard tableaux
7 of shape A. Example: sp1 = xgm+xgz+-- = X12X2 +x1x22 4+,

Symmetric functions form a Hopf algebra with a self-dual basis {s)}.
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Representation theory of S,

@ Every S,-module is a direct sum of simple modules.

@ A partition of n is a decreasing sequence A = (\1,..., Ax) of positive
integers whose sum is n; this is denoted by A - n.

@ The simple S,-modules S* are indexed by partitions A F n.

Example: the defining representation S, is isomorphic to " @ S"~1:1.

s1 ) Sp—1

1 2 e n
@ The Schur function sy is the sum of x;, for all semistandard tableaux
7 of shape A. Example: sp1 = xgm+xgz+-- = X12X2 +x1x22 4+,

Symmetric functions form a Hopf algebra with a self-dual basis {s)}.

e The Frobenius characteristic S* — sy is a Hopf algebra isomorphism.
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Representation theory of H,(0)

e A composition of n, denoted by a |= n, is a sequence
a = (ai,...,qp) of positive integers whose sum is n.
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Representation theory of H,(0)

e A composition of n, denoted by a |= n, is a sequence
a = (ai,...,qp) of positive integers whose sum is n.

o Norton (1979) showed that H,(0) = B, Pa, so every projective
indecomposable H,(0)-module is isomorphic to P, for some « |= n.
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e Furthermore, every simple H,(0)-module is isomorphic to some
C. :=top(P,) = P, /rad P,, which is 1-dimensional.
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Representation theory of H,(0)

e A composition of n, denoted by a |= n, is a sequence
a = (ai,...,qp) of positive integers whose sum is n.

o Norton (1979) showed that H,(0) = B, Pa, so every projective
indecomposable H,(0)-module is isomorphic to P, for some « |= n.

e Furthermore, every simple H,(0)-module is isomorphic to some
C. :=top(P,) = P, /rad P,, which is 1-dimensional.

@ Generalizing Sym are two Hopf algebras QSym (quasisymmetric
functions) and NSym (noncommutative symmetric functions) with
dual bases {F,} and {s,}. We have NSym — Sym — QSym.
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Representation theory of H,(0)

A composition of n, denoted by a |= n, is a sequence

a = (ai,...,qp) of positive integers whose sum is n.

o Norton (1979) showed that H,(0) = B, Pa, so every projective
indecomposable H,(0)-module is isomorphic to P, for some « |= n.

e Furthermore, every simple H,(0)-module is isomorphic to some
C. :=top(P,) = P, /rad P,, which is 1-dimensional.

@ Generalizing Sym are two Hopf algebras QSym (quasisymmetric
functions) and NSym (noncommutative symmetric functions) with
dual bases {F,} and {s,}. We have NSym — Sym — QSym.

e Krob and Thibon (1997): by P, — s, and C, — F, one has
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Representation theory of H,(0)

A composition of n, denoted by a |= n, is a sequence

a = (ai,...,qp) of positive integers whose sum is n.

o Norton (1979) showed that H,(0) = B, Pa, so every projective
indecomposable H,(0)-module is isomorphic to P, for some « |= n.

e Furthermore, every simple H,(0)-module is isomorphic to some
C. :=top(P,) = P, /rad P,, which is 1-dimensional.

@ Generalizing Sym are two Hopf algebras QSym (quasisymmetric
functions) and NSym (noncommutative symmetric functions) with
dual bases {F,} and {s,}. We have NSym — Sym — QSym.

e Krob and Thibon (1997): by P, — s, and C, — F, one has

o {Hn(0)-modules} <» QSym (up to composition factors),
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Representation theory of H,(0)

A composition of n, denoted by a |= n, is a sequence

a = (ai,...,qp) of positive integers whose sum is n.

o Norton (1979) showed that H,(0) = B, Pa, so every projective
indecomposable H,(0)-module is isomorphic to P, for some « |= n.

e Furthermore, every simple H,(0)-module is isomorphic to some
C. :=top(P,) = P, /rad P,, which is 1-dimensional.

@ Generalizing Sym are two Hopf algebras QSym (quasisymmetric
functions) and NSym (noncommutative symmetric functions) with
dual bases {F,} and {s,}. We have NSym — Sym — QSym.

e Krob and Thibon (1997): by P, — s, and C, — F, one has

o {H,(0)-modules} +» QSym (up to composition factors),
o {projective H,(0)-modules} <> NSym.
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Hg(O) = F[X]_,XQ, X3]/(€1, €, 63)

2 ! (1]
[1]3 [2]3
va \J
Tp=—1 T1=—1,75=0
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Hg(O) = F[X]_,X2, X3]/(€1, €, 63)

(\/ /l T=—1 71=0,r=—1
1 _
2]

i X2 —_ X3

T
X1X3 —  X2X3

(1]
3

Tp=—1 T =—1,7=0

DFIZFZZ_l sz?? DF1:F2:71
3
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Hg(O) = F[X]_,X2, X3]/(€1, €, 63)

Jia Huang (UNK)

X1X3

T=—1,m=0 (]

To=—1

0-Hecke algebra actions
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e X3
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a=(1,21)

3]
1[4
12] r\)?1:?3:71
iz
2
1[4
3]
T K
2[4 !

2
14 ] f\—> T1=m3=—1,7=0

Jia Huang (UNK) 0-Hecke algebra actions June 8, 2018 14 / 24



a=(1,21)

[1]
214
13

1,

3

2
[4]

Jia Huang (UNK)

2
X2+ XoX1X4 = X1Xo X4

2
X1X3 X4 + X1X2X3X4

N

X2 X§ X4

J T=T3=—1,7=0
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A generalization of the coinvariant algebra

@ Let n > k > 1 be two integers. Define a homogeneous ideal

vk Uk k
lnk = <X1 3 X253 Xpns€ny €n—1,- -+, en—k+1>-

)
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A generalization of the coinvariant algebra

@ Let n > k > 1 be two integers. Define a homogeneous ideal

vk Uk k
lnk = <X1 3 X253 Xpns€ny €n—1,- -+, en—k+1>-

)

@ The span of xlk,xzk, ..., xX is isomorphic to the defining

N
representation of S,,.

s1 ) Sn—1
1 2 e n
s1 k S Sn—1 k
Xl X2 .« .. X,7
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)

@ The span of xlk,xzk, ..., xX is isomorphic to the defining

N
representation of S,,.

s1 ) Sn—1

2 n

k s1 k S Sn—1 k
Xl X2 .« .. X,7

@ The quotient R, j := C[X]/I,« is a graded S,-module.
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A generalization of the coinvariant algebra

@ Let n > k > 1 be two integers. Define a homogeneous ideal
k  k k
ln,k = <X1 3 X253 Xpns€ny €n—1,- -+, en—k+1>-
@ The span of xlk,xzk, ..., xX is isomorphic to the defining

representation of S,,.

s1 ) Sn—1

2 n

k s1 k S Sn—1 k
Xl X2 .« .. X,7

The quotient R, x := C[X]/I, x is a graded S,-module.
The coinvariant algebra C[X]/(e1,...,en) is R p.
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The S,-module structure of R, «

o Let OP, « be the set of all k-block partitions of the set [n]. For
example, (35/126]4) € OPs 3.
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The S,-module structure of R, «

o Let OP, « be the set of all k-block partitions of the set [n]. For
example, (35/126]4) € OPs 3.

o We have |OP, | = k! - Stir(n, k), where Stir(n, k) is the (signless)
Stirling number of the second kind.
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The S,-module structure of R, «

o Let OP, « be the set of all k-block partitions of the set [n]. For
example, (35/126]4) € OPs 3.

o We have |OP, | = k! - Stir(n, k), where Stir(n, k) is the (signless)
Stirling number of the second kind.

o Let SYT(n) be the set of standard Young tableaux of size n.

Theorem (Haglund—Rhoades—Shimozono 2018)

As an ungraded Sp,-module, R, i is isomorphic to C[OP,, ]. Moreover,
the graded Frobenius characteristic of Ry, x is

mai(r) (d —des(7) — 1
Z q i( )< — ) Sshape(T)'
q

TESYT(n)
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A 0-Hecke analogue

@ Define J, x to be the ideal of F[X] generated by elementary
symmetric functions e,, e,—1, ..., €n—k+1 and complete homogeneous
symmetric functions h(x1), hx(x1, x2), ..., he(X1, X2, . .., Xn).
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A 0-Hecke analogue

@ Define J, x to be the ideal of F[X] generated by elementary

symmetric functions e,, e,—1, ..., €n—k+1 and complete homogeneous
symmetric functions h(x1), hx(x1, x2), ..., he(X1, X2, . .., Xn).
@ The span of hx(x1), hx(x1,x2), ..., hx(x1,x2,...,Xn) is isomorphic to

the defining representation of H,(0).

1 n 2 ™ -1 n
hie(x1) — = hy(x1, x0) — 2+ — s he(xa, - - Xn)

Jia Huang (UNK) 0-Hecke algebra actions June 8, 2018 17 / 24



A 0-Hecke analogue

@ Define J, x to be the ideal of F[X] generated by elementary

symmetric functions e,, e,—1, ..., €n—k+1 and complete homogeneous
symmetric functions h(x1), hx(x1, x2), ..., he(X1, X2, . .., Xn).
@ The span of hx(x1), hx(x1,x2), ..., hx(x1,x2,...,Xn) is isomorphic to

the defining representation of H,(0).
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@ The quotient S,  := F[X]/J, « is a graded H,(0)-module.
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A 0-Hecke analogue

@ Define J, x to be the ideal of F[X] generated by elementary

symmetric functions e,, e,—1, ..., €n—k+1 and complete homogeneous
symmetric functions h(x1), hx(x1, x2), ..., he(X1, X2, . .., Xn).
@ The span of hx(x1), hx(x1,x2), ..., hx(x1,x2,...,Xn) is isomorphic to

the defining representation of H,(0).

1 n 2 ™ -1 n
hie(x1) — = hy(x1, x0) — 2+ — s he(xa, - - Xn)

@ The quotient S,  := F[X]/J, « is a graded H,(0)-module.

Theorem (H.—Rhoades 2018)
As an ungraded H,(0)-module, S, i is isomorphic to FJOP,, «].
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A decomposition of F[OP4,]

1
1
2| 134;) 3
2
71=0
3 124;) 1
3
)

OP13 = Py @ P13

Jia Huang (UNK)

14|23;) )

T =m3=0
34|12;) L

OP2 2 Py & P

0-Hecke algebra actions

OP31 = Py & Py
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A decomposition of S4,

)

T ) _ 1
p=—
X1 Xgﬁ
1 3
& X4Q
3 1

P, ® P13

P, & Py

Jia Huang (UNK) 0-Hecke algebra actions

Py
X1 X0 X4
Q 71=0
£ 3=-1
X1X3X4
Tp=—1
e F3=0
XpX3X4
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T :73:0
P31
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Graded characteristics of S, «

Theorem (H.—Rhoades 2018)
The graded Hp(0)-module Sy, i corresponds

Z tmaj(a) LSS 6(04) So Iinside NSym
= k —{(a) t

and its graded quasisymmetric characteristic coincides with the graded
Frobenius characteristics of the S,-module R, .
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Graded characteristics of S, «

Theorem (H.—Rhoades 2018)
The graded Hp(0)-module Sy, i corresponds

Z tmaj(a) LSS 6(04) So Iinside NSym
= k —{(a) t

and its graded quasisymmetric characteristic coincides with the graded
Frobenius characteristics of the S,-module R, .

RENEILS

| \

This result connects to the Delta Conjecture of Haglund, Remmel, and
Wilson (2016) in the theory of Macdonald polynomials.

.

Jia Huang (UNK) 0-Hecke algebra actions June 8, 2018 20 / 24



More quotients of the polynomial ring

Theorem (DeConcini, Garsia, Procesi, Hotta, Springer, Tanisaki)

e For any pu+ n, C[X] has a homogeneous S,-stable ideal J,, generated
by certain elementary symmetric functions in partial variable sets.
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More quotients of the polynomial ring

Theorem (DeConcini, Garsia, Procesi, Hotta, Springer, Tanisaki)

e For any pu+ n, C[X] has a homogeneous S,-stable ideal J,, generated
by certain elementary symmetric functions in partial variable sets.

e R, = C[X]/J, is isomorphic to the cohomology ring of the Springer
fiber indexed by .

® The graded Frobenius characteristic of R, = C[X]/J, is the modified
Hall-Littlewood symmetric function

Zt K)\M _1 )\

where n(p) = p2 +2pu3 + 3pa + - -+ and Ky, (t) is the Kostka-Foulkes
polynomial.
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H,(0)-action on R, = C[X]/J,

Theorem (H. 2014)

o The ideal J, is H,(0)-stable if and only if n = (1%, n — k) is a hook.
Assume p is a hook below.
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Assume p is a hook below.
e Then R, = C[X]/J, becomes a projective H,(0)-module.

@ Its graded noncommutative characteristic is

ch(CIX]/4) = > s, = H,(x;1t).
« refined by p
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H,(0)-action on R, = C[X]/J,

Theorem (H. 2014)

o The ideal J, is H,(0)-stable if and only if n = (1%, n — k) is a hook.

Assume p is a hook below.
e Then R, = C[X]/J, becomes a projective H,(0)-module.

@ Its graded noncommutative characteristic is

ch(CIX]/4) = > s, = H,(x;1t).
« refined by p

o [ts graded quasisymmetric characteristic is

Che(CX]/J) = Y. t™@s, = Hy(x; ).
« refined by p
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Stanley-Reisner ring of the Boolean algebra

e We introduced H,(0)-actions on certain quotients of the
Stanley-Reisner ring of the Boolean algebra [H. 2015].
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Stanley-Reisner ring of the Boolean algebra

e We introduced H,(0)-actions on certain quotients of the
Stanley-Reisner ring of the Boolean algebra [H. 2015].
@ This gives multigraded H,(0)-modules which correspond to
e noncommutative analogues of ﬁﬂ(x; t) introduced by
Bergeron—Zabrocki (2005) and Lascoux—Novelli—=Thibon (2013),

e quasisymmetric generating function of the joint distribution of five
permutation statistics studied by Garsia and Gessel (1979).
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Bergeron—Zabrocki (2005) and Lascoux—Novelli—=Thibon (2013),
e quasisymmetric generating function of the joint distribution of five
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@ We studied the Stanley-Reisner ring of the Coxeter complex of any
finite Coxeter group. (How about the Tits building of a finite general
linear group?)
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Stanley-Reisner ring of the Boolean algebra

e We introduced H,(0)-actions on certain quotients of the
Stanley-Reisner ring of the Boolean algebra [H. 2015].

@ This gives multigraded H,(0)-modules which correspond to

e noncommutative analogues of ﬁﬂ(x; t) introduced by
Bergeron—Zabrocki (2005) and Lascoux—Novelli—=Thibon (2013),

e quasisymmetric generating function of the joint distribution of five
permutation statistics studied by Garsia and Gessel (1979).

@ We studied the Stanley-Reisner ring of the Coxeter complex of any
finite Coxeter group. (How about the Tits building of a finite general
linear group?)

o We are currently investigate a two-parameter family of quotients of
the Stanley-Reisner ring (with Daniél Kroes).
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Thank you!
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